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Abstract

We are interested in the stochastic modeling of a condition-based maintained system subject to continuous deteriorat
and maintenance actions such as inspection, partial repair and replacement. The partial repair is assumed depende|
the past in the sense that it cannot bring the system back into a deterioration state better than the one reached al
last repair. Such a past-dependency cfiaca () the selection of a type of maintenance actioiig,tfie maintenance
duration, {ii) the deterioration level after a maintenance, amylthe restarting system deterioration behavior. In this
paper, all theseftects are jointly considered in an unifying condition-based maintenance model on the basis of restartin
deterioration states randomly sampled from a probability distribution truncated by the deterioration levels just befor
a current repair and just after the last refrapplacement. Using results from the semi-regenerative theory, the long-run
maintenance cost rate is analytically derived. Numerous sensitivity studies illustrate the impacts of past-dependent par
repairs on the economic performance of the considered condition-based maintained system.

Keywords: Maintenance, past dependency, partial repair, deterioration process, semi-regenerative process.

Acronyms

ARA: arithmetic reduction of age with memory 1

ARD; arithmetic reduction of deterioration with memory 1
AGAN as-good-as-new

CBM  condition-based maintenance

CBMS condition-based maintained system(s)

CR corrective replacement(s)

PR preventive replacement(s)

PPR preventive partial repair(s)

pdf probability density function(s)

TBM time-based maintenance

Notations

Xt system deterioration level at tine

Ej, Sj end time of thej-th repaifreplacement, starting time of tli¢+ 1)-st repaifreplacement

Tix k-th inspection time over thgth repaifreplacement cyclfE |, Ej..)

o, @ (XET) constant part anMET—dependent part of shape parameter of the deterioration proqe,gjsstgsj
B constant scale parameter{d}i-o

), r¢,-) complete Gamma function, upper incomplete Gamma function

f., F_.,. probability density function, survival function o

L system failure threshold
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Ie threshold for triggering a PR or a PPR

n threshold for choosing between a PR and a PPR

o inspection period

Ao, (-, ) constant duration for a replacement, additional deterioration-dependent duration for PPR
a-1--) pdf of the system deterioration level after a past-dependent PPR

Cm Cr, Cp, Cc, G, Cy  inspection cost, PPR cost, PR cost, CR cost, inactivity cost rate, unavailability cost rate
C(t), Cs cumulative maintenance cost up to tilpéong-run maintenance cost rate

N (t), Nm([0*. Ef])  number of inspections up to timeand over0*, Ef |
N (), Nr ([0*,Ef])  number of PPR up to time and over 0*, E; |

Np (1), Np ([O+, Eﬂ) number of PR up to timg and over[0+, Eﬂ

Ne (1), NC([O*, EI]) number of CR up to timé and over[O*, EI]

L), 1 ([0, E]) cumulative duration of the system inactivity up to tiyend over|0*, E{ |

U(t),U ([O+, EI]) cumulative duration of the system unavailability up to timand over[0+, Eﬂ

{Yj}jeN Markov chain describing the system deterioration at réggitacement timesy{ = XRJ_+)
AE; length of the first Markov renewal cycle

7 stationary measure ({)f(j}jeN

P(,") transition kernel O{Yj}jeN

E:[] expectation with respect to the measure

1. Introduction

Maintenance is anfiactive solution to reduce the system failure, improve the system availability, and extend the
system lifetime. It has been adopted in a wide range of systems, such as civil infrastructure (Frangopol and Liu, 200
manufacturing systems (Lee et al., 2011), automotive vehicles (Lu et al., 2014), I.T. software (Benestad et al., 200
energy assets (Shafiee and Sgrensen, 2017), etc. Maintenance activities comprise perfect and imperfect actions clas:
following their dfects on the condition of maintained systems (Pham and Wang, 1996). If the maintenance recove
the system back to an as-good-as new (AGAN) condition, it is perfect; otherwise, it is imperfect. Typical example
of perfect maintenance are complete replacement and overhaul, and of imperfect maintenance are testing, inspect
minimal repair and partial repair. Unlike restricted applications of perfect maintenance in engineering practice, imperfe
maintenance characterizes divers realistic actions whose imperfectness may be caused by various factors such as ht
errors, spare parts quality, lack of materials, lack of maintenance time, etc. Modeling imperfect maintenance is th
crucial for practical needs.

The present paper deals with a particular kind of imperfect maintenance pakediependent partial repairt is
characterized by the phenomenon thaiartial repair cannot bring a deteriorating system back into a deterioration state
better than the one reached at the last repalthe deterioration paths of draught fans and of gyroscopes provided in
(Wang et al., 2018) and (Hu et al., 2018; Pei et al., 2018) are some real-world examples for this phenomenon. Our a
is to develop a condition-based maintenance (CBM) with past-dependent partial repairs for continuously deterioratir
systems considering. The main motivation is that CBM is usually mii@ent than run-to-failure maintenance and time-
based maintenance (TBM) (Ahmad and Kamaruddin, 2012), especially when the system deterioration is howadays ea
accessed thanks to the development of sensor and data transmission technologies (Roy et al., 2016). Notwithstanc
the literature of past-dependent partial repairs is mostly attached to TBM via models with memory (e.g., arithmeti
reduction of age (ARA) and arithmetic reduction of intensity (Doyen and Gaudoin, 2004)). Therefore, modeling thi
kind of imperfect maintenance is still a widely open issue in the contexte of CBM.

In the literature, three main approaches have been employed to take into account the past dependency in imper
CBM models applied to continuously deteriorating systems.

1. Repairs number-based modelinghe first approach considers that the system residual damage after each partia
repair exhibits an increasing trend with the sequence of repairs. Since the number of repairs increases over ti
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until the next replacement, their ability to improve theteys deterioration weakens. This leads to the dependency
between past and current repairs. Through the repairs mupde dependencyffects on the maintained system
are modeled. For instance, Liao et al. (2006); Guo et al.32MHu et al. (2018); Pei et al. (2018) have applied this
approach to express the past dependency of both the systeriodsion level and deterioration rate. Besides, in
(Liao et al., 2006; Guo et al., 2013), a higher number of peréal repairs also lengthen maintenance duration, but
it does not contribute to CBM decision-making. On the camtrim (Hu et al., 2018; Pei et al., 2018), this number
is used as an index to switch between imperfect and prefeicitenance actions, however maintenance durations
are omitted.

2. Virtual age-based modelingThe second approach links the virtual age of a system toeitsridration level.
When a repair removes a portion of virtual age accumulatecedhe last repair, it also puts the system back to a
deterioration level where it was some time before. By thig,wee repair is past-dependent. Ahmadi (2014, 2015);
Mercier and Castro (2013) are a few authors who employ thisogeh to developed their CBM models. Using
the Kijima's type | model (Kijima, 1989), Ahmadi (2014, 201kas explained how past-dependent partial repairs
affect the system deterioration level and system failure fa&yond the impacts on the system deterioration and
failure behavior, Mercier and Castro (2013) have based erARA with memory 1 (ARA) model (Doyen and
Gaudoin, 2004) to decide if imperfect repair or perfectaepment is more suitable for a preventive action.

3. Deterioration level-based modelindJnlike the two above approaches, the third one impactsttiiréhe system
deterioration. It assumes that a repair just can returnytstes) to a deterioration level worse than the one existing
at the last repair. In this spirit, Ponchet et al. (2011) haumicked the ARA model to build so-called Arithmetic
Reduction of Deterioration with memory 1 (ARPmodel. This model enables a connection to the past in the
sense that each repair reduces a part of the deterioratioimadated by the system from the last repair. The ARD
model is further implemented by Castro and Mercier (201@)etiermine whether a repair or a replacement should
be carried out at a preventive maintenance time.

For a better choice among the aforementioned approaches somparative works have been done. For instance,
Mercier and Castro (2019) have performed stochastic casger between the ARAand ARD, models under the
assumption of a Gamma deteriorating system. Based on arsystlject to the Wiener deterioration process, Kahle
(2019) has recently compared Kijima’'s type models (Kijim889) applied for both the system virtual age and the
system deterioration. These models also implies that gteehithe repairs number, the more the system is deteriorated
Consequently, impacts of repairs number are considerdceatly in the second and third approaches. Moreover, it
seems that only the latter is able to take into account dijrdeterioration information revealed by the system manitp

in repair models.

Owing to its advantages, we have applied the deterioratiegiHbased approach to develop our CBM model consid-
ering past-dependent partial repairs for a continuoudgribgating system. Compared to previous works using theesa
approach (see e.g., (Ponchet et al., 2011; Castro and Me20it6; Zhao et al., 2019)), the developed CBM model has
three major dierences. Firstly, to express the past dependency of thensyddterioration level, we just use a truncated
probability distribution. After a repair, the restartingtdrioration level of the system is sampled from a probigbili
distribution truncated by the deterioration levels justobe a current repair and just after the last refpaplacement.
Unlike arithmetic reduction type and Kijima's type modelss simple model allows breaking the memory assumption:
the system after a repair is put back to an exact deterioralgwel where it was in the pasthich is not easily verified in
practice due to the stochastic nature of deteriorationgemcSecondly, we take into account all the possible fiieets
of past-dependent partial repairs in an unifying CBM modelrestarting deterioration states. There dfeas on i) the
selection of a type of maintenance actions (either a paggsir or a perfect replacement) the maintenance duration,
(iii) the deterioration level after a repair, and @) the restarting system deterioration behavior. Finallg, amalyti-
cally derive the long-run expected maintenance cost ratheotondition-based maintained system (CBMS) using the
semi-regenerative theory. Even though this approach hasvaoome rather classical in reliability literature (Bégeaer,
2008), its development in the context of past dependendilimganingful, especially in terms of numerical compidat



and Monte Carlo simulation.

The remainder of this paper is organized as follows. Se&igives a detailed description of the considered CBMS.
Sections 3 and 4 are devoted to the mathematical formulatimhvalidation of the asymptotic behavior and the cost
model of the maintained system. The sensitivity studieseatiBn 5 allow us to assess thfeets of past-dependent
partial repairs on the economic performances of the maiethsystem. Finally, some conclusions and perspectives are
discussed in Section 6.

2. Description of the condition-based maintained system

Let consider a single-unit system subject to continuousrateation such as wear, fatigue, corrosion, crack growth
(Grall et al., 2002). Such a system may consist of one comypareone group of associated components whose deterio-
ration state at timé> 0 can be summarized by a scalar random varixplevith Xy, = 0. For safety, a high deterioration
is unacceptable in engineering practice so that the systeledlared as failed whenever its deterioration level elcae
critical thresholdL (i.e., X; > L), even if it is physically running. To prevent or correct gystem failure, maintenance
actions such as inspection, perfect replacement and Ipaagiair are resorted to. The inspection and replacement are
assumed memoryless, while the partial repair is past-adEpervia the deterioration level given at the last repainc8i
these actions are costly, a deterioration-based maintenaolicy with two decision thresholds has been proposed to
organize them in a proper manner. A threshold on determrdévels revealed by inspections, denoted [0, L), is
used to decide wether or not a preventive intervention shbaldone at a given inspection time. Another threshold on
deterioration levels returned by last repairs, dengtedo, L], is used to select the type of a preventive action (i.etjgdar
repair or perfect replacement). Therefore HgtE;, ..., Ej, Ej.1, ..., be the successive end-of-repiplacement times,
with Eg = 0, the evolution of the maintained system on the c{lElg Ej+1), j € N, is as follows.

1. The system is regularly inspected at tinfTgg = Ej + k- 6, with k = 1,2,..., until Xr,, > {. LetS; denote the
starting time of a maintenance action [(E] Ej+1), j € N, then over[Ej, Sj], X; acts like a homogeneous Gamma

process (Van Noortwijk, 2009) with shape parameig# o (XE;) and scale parametgr> 0

(Xesstes, ~ HGP(aO N a(fo), /3). @)

The first part of the shape parametay > 0 is aconstantcharacterizing the proper dynamics of the system
deterioration. The second pazr(XEJf), wherea (0) = 0, is acontinuous increasing non-negative funct'minXEJf,
0< XEJ,+ < L, representing thefiect of past dependency on the future deterioration dynan@mnsequently,
between two timesandt, E; < s<t < S;, the random deterioration incremet- Xs is Gamma distributed with
probability density function (pdf)

f () = gl o9 ol Jooos .1 )
(ao+a(xEj+))-(t—s),ﬂ - r ((Olo ta (XEJ.* )) (- S)) {x=0}>

and survival function

- r((“o + a(xEr)) (t- s),ﬂx)’
(vl -9 (o0 + o (X)) - 9)

where 1, denotes the indicator function which equals 1 if the arguriseinue and 0 otherwisé, («) = fow 7 leZdz
andI (@, X) = fX°° 2~ le Zdz are respectively the complete and upper incomplete gamnwiidns. The inspec-
tion is assumed perfect in the sense that it reveals the degetioration level of the system. Moreover, it takes
negligible time, has noftect on the system deterioration, and incurs a constant asiiCz, > O.

2. Atan inspection timdjx = E; + k-6, k=1,2,..., a CBM decision rule based on bdthj’k andXEj+ is adopted.

®3)
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(@) If X7, > L, a corrective replacement (CR) with constant unit d@sts carried out immediately on the
failed system (i.e.S; = Tjx). It takes a constant duratioty due to e.g., the material set-up, the system
dismantling and reassembly. During the CR, the system ®iirsied, so that the system deterioration level
keeps unchanged (i-GXEj;l = Xs;, With Ej;1 = Sj + Ao). The system inactivity incurs a constant cost rate
Ci > 0. Furthermore, before the CR starts, the system has béed &aid unavailable unt$;. Such a system
unavailability incurs a constant cost r&g > C; because it is unforeseen. After the CR, the system is AGAN
such tha1>(Ej++1 =0.

(b) If £ <X <L andXEJ_+ > 77, a preventive replacement (PR) with constant unit Gysk C. is immediately
carried out on the unrepairable badly deteriorated systam $; = Tjx). The PR also takes a constant
durationdg due to the same reason as above. CPB@IEM], with Ej;1 = S; + Ao, the system is inactivated
at the cost rat€; and it deterioration level is unchanged (i.lé.;,j—+1 = Xg,). After the PR, the system is reset
to be AGAN (i.e.,XEj++l =0).

(¢) If £ < Xr, < LandXe: < 7, a preventive partial repair (PPR) with constant unit @ste (Cm.Cp) is
immediately carried out on the repairable badly deteremtatystem (i.e.S; = Tjx). The PPR requires a
durationl; depending or)(Ej+ andXs; such that

Iy = A0+ A (X Xs, ). (@)

whereg is a constant duration as for replacementéx.;r, XSJ.) is a continuous increasing function KE}-
andXs;, with 1(0,0) = 0. So, the higher the value NET or Xs;, the longer the required duratidip for
PPR. As in the case of replacements, the system is inaativhteng the PPR at the cost rdfg, and its
deterioration level is still unchanged (i-9<Ej;l = Xs;, With Ej;1 = Sj + 1j). Just after the PPR, the system

restarts with a deterioration IevKlEj++l € [XET’ XSJ.] sampled from a pdf truncated BXg; andXEJf

Xgr, ~ Q(YI Xs; XE;)- ®)

(d) If X7, < ¢, no further intervention is needed B, and hence nothing is changed. The decision is postponed
to the next inspection &tjk.1 = Tjx + 6.

The next cycle begins &;,1 with initial deterioration Ieveb(Ej++1. On which, the system deterioration evolves following

a homogeneous Gamma process with shape paramgeter (XEﬂl) and scale parametgr> 0. If XEJ_++1 > XEJ_+ (itis true
when the last maintenance action is a PPR), the systemalates with a higher average speed and a higher variance
than beforeFigure 1 illustrates the deterioration evolution of the CBlver some first repdieplacement cycles.

For the considered system, the failure threshgldnd the maintenance cofls, C,, Cy, C¢, Ci andC, are input data.
The scalargy, 8 and g, and the functiong (-), 2 (:) andg(: | -, -) are parameters to be determined from deterioration and
maintenance data. Although this problem has not been ddaltiimthis paper, we still believe that the following two-
steps procedure could be applied. For some conjecturednpénia forms ofa (), A(-) andg(- | -, -), classical methods
(e.g., maximum likelihood method, method of moment, eted wsed to estimate the model parameters (includifg
B and o) from deterioration and maintenance data. Next, we perfgomdness-of-fit tests to find the best fit of the
data. For this estimation-testing procedure, the detiar and maintenance data are obviously prerequisites ighi
why building such a data-set is recognized as a key perspeatithe paper. Finally, the inspection peri®dand the
deterioration thresholdsandn are decision variables to be jointly optimized. As argue@/fagner, 1975, chapter 11),
the long-run expected cost rate is a suitable objectivetimmc

C(t)

Coo (6.4,) = im —=, (6)

whereC (t) denotes the cumulative maintenance cost incurred in theititerval [Q1].
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Figure 1:Schematic evolution of the maintained system state

To illustrate the practicalness of the proposed CBMS, lehtrsduce the

gyroscope equipment represented in (Hu

et al., 2018; Pei et al., 2018). Gyroscope is a core compdnénertial navigation systems. Due to the wear of rotor
spin axis and the friction of gimbal bearings, the gyroscapift increases over time, and hence degrades the gyrescop
performance. Therefore, the drift can be seen as a detiviorimdex of the gyroscope. In the experiment provided
by Hu et al. (2018); Pei et al. (2018), the gyroscope is pé&@ly inspected fow = 2.5h each time. Whenever the
gyroscopic drift revealed by an inspection exceeds a tbtddh = 0.37°/h, the gyroscope is considered as failed and
must be replaced. If the drift value is still less thar= 0.37°/h but greater thag = 0.30°/h, the current in the torque
coil of the gyroscope is adjusted to compensate the drifiecalSuch an adjustment is a partial repair action on the
gyroscope. Compared to the decision rule implemented ialthge CBMS, this one is a particular case wjth L. The
evolution of the drift data of two maintained gyroscopes@odted in Figure 2. Looking at the sequence of drift levels
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Figure 2: Drift data of two maintained gyroscopes adaptethftHu et al., 2018; Pei et al., 2018)

after adjustments and the deterioration speed of the gypestheir character
Although the duration of maintenance actions has not beertiomed in this
e.g., (Castanier et al., 2003; Liao et al., 2006)) confirn tiva repair duration

istics is completely covered in our (BM
experiment, various existing works (see
is very influenced by partial repairs.



3. Asymptotic deterioration behavior of the condition-based maintained system

Evaluating the maintenance cost rate in the long term (8)ires| the study of the asymptotic deterioration behavior
of the maintained systernin practice, the system does not wait till infinity to reachasymptotic behavior, but rather
at a finite moment from which the short-run maintenance caist converges to the long-run one with an acceptable
error. Theoretically, the study of asymptotic behavior can beifimantly simplified thanks to the semi-regenerative
properties of the deterioration process of the maintairystesn (Bérenguer, 2008). In this section, after analyhiogy
these semi-regenerative properties simplifies the evafuaft (6), we derive the stationary law of the maintainedeys
deterioration.

3.1. Semi-regenerative properties of the maintained sysketerioration

The semi-regenerative properties of the deterioratiortgss{Xi}i.o Of the maintained system allow studying the
asymptotic deterioration behavior of the system on a lichiterizon instead of an infinite horizon. After the end of a
system repajreplacement &Ej, j € N, the future deterioration proce{ﬁlﬁmgj }tzo of the maintained system depends on
its past{XiJo<t<g; only via XEJ,+. Therefore, apart from its regenerative structy?@}..o appears as a semi-regenerative
process (Cinlar, 1975, page 343), with repraplacement end times;’, j € N, as semi-regenerative (Markov renewal)
times (see Figure 1). Embedded K}, there exits a Markov chai{rYj}jeN, Yj = Xer, with stationary lawr. As shown
in (Grall et al., 2002), the study of asymptotic behaviorXf};.o can be restricted to a single semi-regenerative cycle
(also known as Markov renewal cycle) defined by two successgpaifreplacement times, and the long-run maintenance
cost rate (6) can be expressed by
cw _ Exc(|om.Ef) @

t E:[AE]
whereE;, [-] denotes thes-expectation with respect to the stationaryand AE; = E; denotes the length of the first
Markov renewal cycIe{O*, Eﬂ. We note that 0 is not merely the initial working time of the system at whiXk = O,
but rather the beginning of a Markov renewal cycle at whigh = x, where 0< x < L. Some elements of proof of
(7) are provided in (Mercier and Pham, 2014). A short lendthB, simplifies the analysis of the system deterioration
behavior, thence allows an analytical evaluatio@gf(é, £, 7). However, the price paid to this simplicity is the derivatio

of the stationary lawit of the embedded Markov cha{m}jeN, which is the main dficulty of this approach.

Co (6.¢7) = fim

3.2. Stationary law of the embedded Markov cl’{ad[}jeN

The embedded Markov cha{hfj}jeN describes the system deterioration state at the end of &/reptacement action.
It starts fromYy = 0, takes the value in the continuous state spack)[@Gnd comes back to O (i.e., a regeneration set)
almost surely due to replacement actions (see Figure 1)refdre, there exists a stationary measurfer {Yj} on

jeN
[0, L), which is the solution of the invariance equation (Asmusaath Glynn, 2007, page 97)
@)= [ Pxd)r@. ®)
[o.L)

where P (x, dy) stands for the transition kernel ({)Yj}jeN from Xe: = xto Xe:, = y. In the following, we seek a
closed-form expression &f(x, dy), and thence propose a solution for (8).
3.2.1. Transition kernel X, dy)

A closed-form expression d® (x, dy) can be obtained by exhaustively analyzinfatient possible scenarios of the
maintained system under th& £, ) policy from the beginningEJff to the enoEj++1 of the j-th Markov renewal cycle. As
shown in Appendix A, we can expreBqx, dy) as follows.



1. when/ < n,

P(x,dy) = (50 dy) - (e1 (X) +p2(X)) + (P (Y| X) + p2 (Y| X)) - Lyzox<y<L) -dy) - Lio<x<s)
+ (50 dy) - p1(X) + p3(y | X) - Liyzox<y<L) - dY)  Lizex<n) + 00 (dy) - L<x<ry, (9)

2. whenp < ¢,

P(x dy) = (50 (dy) - (o1 (X) +p2 (X)) + (PL (Y| X) + P2 (Y | X)) - Liyz0.x<y<L) -dy) - Lio<x<n)
+ (03 (X) +p4(X)) - 50 (AY) - Lip<x<gy + 00 (dY) - Liz<x<r)> (10)

where, givenXEj+ =X,

e p1(X) denotes the conditional probability of a CR after one inpageriod sinceEj+
01 (X) = Fagratss (L = X), (11)

e 0> (X) denotes the conditional probability of a CR after multipisepection periods sindEj+
é’ _ [o0)
p2(X) = f Flaoratiss (L= W) D Fagrataios W= X) dw, (12)
X k=1

e p3(X) denotes the conditional probability of a PR after one inspegeriod sinceEj+
£3(X) = Flagrat)ss (£ = X, (13)

¢ p4(X) denotes the conditional probability of a PR after multipisgection periods sindEj+

é’ _ (o)
pa(X) = f Flaora()os (€ = W) D fagratpios W= X) dw, (14)
X k=1

e p1(y| X) stands for the conditional pdf of a PPR after one inspectanogd sinceEj+, with x € [0, 1),
L
pL(y X = L gy | % 1) fagrarsp (r — X dr, (15)
e (Y] X) stands for the conditional pdf of a PPR after multiple insjpecperiods sinccEj+
4 L il
Pe(y1 %= [ ( £ 90y 1 % D Tapracnss (2= W dz) 3 fapratapas (W—X) dw, (16)
X k=1
e p3(y| X) stands for the conditional pdf of a PPR after one inspectenog sinceE?}, with x € [, £),

L
Pyl x) = f gy 1 % 1) fagrapyss (r = X) dr, 17)
X

in Which flue1a()-(), () is given from (2) andF g+ ax)ss () is derived from (3).
We note that the expression®{x, dy) consists of both the dirac part and continuous part. The imaigmof the Dirac
measure located at O represents the probability of a rapkce(either corrective or preventive) done during a Markov



renewal cycle. Beside®,(x, dy) does not impacted by the maintenance duration, in whichytsies deterioration keeps
unchanged.

3.2.2. Solution for the stationary lasv(dy)
As the expression d? (x, dy), the stationary lawr (dy) is also a convex combination of Dirac mass function and a
continuous pdf. Appendix B gives the mathematical expoessfz (dy) as follows.

1. When¢ < 7,

m(dy) =a-do(dy) + (1 —-a) - b1 (Y) - Locy<pydy+ (1 - @) - b2 (y) - Lizy<pydy + (1 - 8) - B3 () - Lipey<pydy,  (18)

where 1
a= 7 - 3 , (29)
1+ Jy Bi()dy+ [ B2(y)dy+ [~ Bs(y)dy
and
a a a
b1 (y) = mBl(y), b2 (y) = ia B2(y), and bs(y) = E-Bs(y)- (20)
B1 (y), B2 (y) andBs (y) are computed by
e whenO<y</,
Yy
Bl<y)=p1(y|0)+pz(y|0)+fo BL() - (p(y [ %) + P2 (y| %) dx (21)

e whens <y<n,
4 Y
Bz<y)=p1(y|0)+p2(y|0)+f Bl(x)-(pl(wx)+p2(y|x»dx+fBz(x)-pe,(wx)dx (22)
0 4
e whenp<y<lL,
4 7]
Bs(y)=p1(y|0)+p2(y|0)+f0 Bl<x)-(p1<y|x)+pz<y|x))dx+£ B2(x) psly|0dx  (23)

wherepy (y | X), p2 (y | X) andps (y | X) are given from (15), (16) and (17).
2. Whenp </,

m(dy) = c-6o(dy) + (1 - ) - di (y) - Locyapdy+ (1 - ) - d2 (¥) - Lyey<dy+ (1 - ) - d3 (Y) - Lieeypydy,  (24)

where 1
c= " 7 - , (25)
1+ Jy D1(y)dy+ [' Ds()dy+ [, D3(y)dy
and
di) = Di), %) =1—-D20), and ()= Ds(y). (26)
D1 (y), D2 (y) andD3 (y) are computed by
e whenO<y<np
Y
D1(y) = pr(y10) + p2(y| 0)+f0 D1 () - (pL(y %) + p2(y | x) dx (27)
e Wwhennp<y</?¢
1
D2(y) = pr(y10) + p2(y/| 0)+f0 D1 (¥ - (pr(ylX) + p2(y | x)dx (28)

9



e when/ <y<L
Ul
D3(y) = pa(y|0) + |Oz(y|0)+f0 D1(X) - (pa(y X+ p2(y | x)dx (29)

whereps (y | X) andpz (y | X) are given from (15) and (16).

Solving the non-homogeneous linear Volterra integral #qoa of the second kind (21), (22) and (27) allows to fully
deriver (dy). However, their analytical solutions are not easy to hanfibevercome this obstacle, thkeun’ s numerical
method(Kharab and Guenther, 2011, pages 334-335) is used to apm@ixthe solution of (21), (22) and (27). Appendix
B.2 gives the detail of this numerical method.

4. Cost-based optimization of the condition-based maintained system

This section aims at optimizing the considered CBMS usiegdhg-run maintenance cost rate (6). To this end, we
formulate a closed-form expression ©f, (6, Z,n) following (7). Next, we apply derivative free algorithmsr folack-
box optimization (e.g., generalized pattern search (AadetHare, 2017)) t€. (6, £, ) to search the optimal decision

parameter@0 pt> Sopts o pt)-

4.1. Maintenance cost rate evaluation

From the decision structure implemented in the conside®ME, we can express the cumulative cost incurred in
the time interval [Qt] as

C)=Cr N (1) +Cp-Np(t) +Cc- Ne(t) + Crn- N () + Cy - U (1) + Ci - 1 (1), (30)

whereN (t), Np (t), N¢ (t) andNp, (t) denote respectively the number of PPR, of PR, of CR, and pkirt®ons in [0t],
U (t) and| (t) stand for total duration of system unavailability and sysiaactivity in [0, t]. Using (7), we obtain the
expression o€, (6,¢,n) as

E.[C ([0 Ef|)] Ex [N (|0*. Ef )] Ex [Np([0*. E7])]
Collm=—"gRE]T -~ T E@BE] " E[AE]
Ex [Ne([0". Ef])] Ex [Nm (|07, E])] E.|U(lonEf])]  Ed[i([o"Ef])
Co Rl ™ T BBl T T EBE] O T EpEg Y

Since[O*, Eﬂ =[0%,S1] U [Sl, Eﬂ, whereS; = 6 - Nm([0+, Eﬂ) (31) can be rewritten as
1

§-E, [Nm([0+, EI])] +E, [l ([o+, E;

+Ce - Ex [Ne([0%. Ef])] + Cm- Ex [Nm([0". Ef])] + Cu- Ex [U ([0%. Ef])] + G - Ex |1 ([0%. Ef])])- (32)

Cw (6,4,1) = il (Cr - B [Ne ([0%. Ef ])] + Cp - Ex[Np ([07. Ef ])]

Hereinafter, we analyze all the possible maintenance siosnan the first Markov renewal cyc[@*, EI], and thence
we derive mathematical expressions E)I[Nr ([OﬂEI])], Eﬂ[Np([OiEI])], E,,[NC([OtEI )] E,,[Nm([0+, EI])],
E-|U ([0*, Ef])] andE, [I ([0*, E;])]- The exactness of the formulation is also justified by nuoakéxperiments,

4.1.1. Possible maintenance scenarios on the first Markoswal cycle
Let consider the Markov renewal cyc[é*, Eﬂ with Xo+ =y, the decision structure db, Z,7n) policy leads to
following possible maintenance scenarios.

1. When? < n, then
(a) the system maintenance starts after one inspectioodaesince 0 (i.e.,S; = 6) by

10



e scenario 1 a PPR with duratiomlg + A (Xg+, Xs) if {0 < Xo+ <& < Xs < L}or{l < Xor <1, Xs < L},
e scenario 2 a PR with durationg if {n < Xg+ < X5 < L},
e scenario 3 a CR with duratiomg if {0 < Xo+ < L < Xs},
(b) the system maintenance starts after a multiple of irngpegeriod(k+1)s, k = 1,2,..., since O (i.e.,
S1=(k+1)6) by
e scenario 4 a PPR with durationl + A (Xo+, Xk+1)s) if {0 < Xor < Xis < ¢ < Xer)s < L},
e scenario 5 a CR with durationg if {0 < Xg+ < X5 < ¢ < L < Xks1)5}-
2. Whenp < ¢, then
(@) the system maintenance starts after one inspectioodaesince 0 (i.e.,S; = §) by
e scenario 6 a PPR with durationlg + 4 (Xg+, Xs) if {0 < Xor <p <& < Xs <L},
e scenario 7 a PR with duratiom if {n < Xo+ < ¢ < Xs < L}or{ < Xo+ < Xs < L},
e scenario 8 a CR with durationg if {0 < Xo+ < L < Xs},
(b) the system maintenance starts after a multiple of ingpegeriod(k+1)s, k = 1,2,..., since O (i.e.,
S1=(k+1)6) by
e scenario 9 a PPR with duratiomg + A (Xo+, Xks+1)s) if {0 < Xo+ < X < & < Xan)s < L}
e scenario 10 a PR with duratiomy if { < Xo+ < X5 < ¢ < Xgerys < L},
e scenario 11 a CR with durationlg if {0 < Xo+ <1, X5 < ¢ < L < Xga)s} Or{n < Xo+ < Xis < ¢ < L < Xks1)s)-

The above scenarios are the basis to compute the requiredtaipns.

4.1.2. Expected number of preventive partial repairs okerfirst Markov renewal cycle
As shown in Appendix C, we can express the expected valig ({D*, EI]) with respect to the stationary lawvas

1. when¢ < n,

+ -+ - - e = N
Ex [Nr (0", El)] = a- | Fagsp(0) — Fagop (L) + . (Faoas (€ = W) = Fagap (L — W) Z faoks,s (W) dw | +
kel
{(_ _ ; _
(1-9a)- fo (F(ao+a(y))6,,8 (£ = Y) = Flagra)ss (L =Y) + f (F(ao+a(y))6,,8 (£ = W) = Fagray)sp (L - W))
y
ad 17
X > Tasrat)has (W=Y) dW} by (y)dy+(1-a)- f Flaotaty)es (L —Y) b2 () dy, (33)
¢

k=1

wherea, by (y) andb, (y) are given from (19) and (20);
2. whenp < ¢,

_ _ _ _ 0
E- [N (0%.E])] =c- [Fao&ﬁ () = Fapop (L) + fo (Faoss (€ = W) = Fagop (L= W) > Tagksp (W) dw] =
k=1
n o _ _
(1-0- fo (F(ao+a(y))6,,8 (£ -Y) — Fagrampss (L =y) +
k=1

é’ _ _ [Se]
f (Flasratos € = W) = Fragramas (L = W) D fagratios W —Y) dW] di(y)dy, (34)
y

wherec andd; (y) are given from (25) and (26).

4.1.3. Expected number of preventive replacements ovdirsh&larkov renewal cycle
As shown in Appendix D, the expected valueNyf(|0*, E{ |) with respect to the stationary lawis given by
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1. when{ < n,
L
Ex[Np (0% Ef)] = (1-2)- f Faoratas (L —Y) b3 () dy, (35)
n

wherea andbs (y) are given from (19) and (20);
2. whenp < ¢,

¢ _ _
Ex [Np (0", EI)] =(1-0- ( f (Flaoraos (€ =) = Flagraos (L= Y) +
n
( _ _ (o]
fy (F(ao+a(y))6,,8 (¢ = W) = Fagraty)sp (L — W)) Z flaoratykss (W—Y) dw|d2 (y) dy
=

L
* L Flaoratyep (L —Y) da (¥) dy), (36)
wherec, d (y) andds (y) are given from (25) and (26).

4.1.4. Expected number of corrective replacements ovdirgtéMarkov renewal cycle
Appendix E gives the expected vaIueNa‘([O*, Eﬂ) with respect to the stationary lawas

1. when¢ < n,
_ { ad
E.[Ne (0%, E})| = a- [FQO&B (L) + fo Faoss (L= W) D fagkip (W) dw} +(1-a)x
k=1

o _ ¢ _ S
{ j(; [F(ao+a(y))6,,8 (L-y)+ f Fao+atyss (L —W) Z fao+atkss (W—Y) dW] by (y) dy
y P

n o _ L _
+ f{ Fao+aty)ss (L = y) b2 (y) dy + f Fao+atss (L — Y) b3 (Y) dy), (37)
~ n

wherea, b; (y), by (y) andbs (y) are given from (19) and (20);
2. whenp < ¢,

_ ¢ _ S
Ex [N (0%, Ef)| = ¢+ | Fagsp (L) + j; Fagop (L — W) kz_; faoks,g (W) dW| + (1 - ©) x
n( _ { >
j; Faoratyos (L —Y) + f Fao+ay)ss (L —W) Z fao+atkes (W —Yy) dw|dy (y) dy
y kel

. ¢ _ -
+ f [F(ao+a(y))5,,8 (L-y)+ f Fao+aty)sp (L — W) Z fao+atykos (W—Y) dW} d2 (y) dy
" y ]

L —
| Fuaoms L= ds) ¥). @9
wherea, d; (y), d2 (y) andds (y) are given from (25) and (26).

4.1.5. Expected number of inspections over the first Markoewal cycle
Based on the expectations of the scenarios derived in AfpaddAppendix D and Appendix E, the expected value
of Nim([0*, Ef |) with respect to the stationary lawis obtained by
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1. when{ < 7,
_ . L
Ex[Nm([07. Ef )| = @ Fapss (©) + (1 - @) - (j; Flagsatss (€ — Y) br () dy+ j: by ) dy+fn - dy)
+a- f§ Faoos (¢ —W) [i (k+ 1) fogksp (W)] dw+ (1 - a) x
° k=1

4 { had
f [ f Flao+atyss (€ — W) [Z (k+ 1) flagrawros (W - y)] dW] by (y) dy, (39)
0 Wy k=1

wherea, b; (y), by (y) andbs (y) are given from (19) and (20);
2. whenp < ¢,

Ex [Nm([0% Ef])] = ¢+ Fasp () + (1= 0) - ( fo " Feoratonos (€~ ) dh () dy+
; L ; ad
f Flao+ayos (¢ —Y) d2(y) dy + f dz (¥) dy) +C- f Faoss (& —W) {Z (k+1) fookop (W)) dw
n ¢ 0 k=1
ui { >
+(1-0)- j; [ fy Fao+aty)ss (£ —W) [kz:; (k+ 1) fagratkes (W Y)] dW] d (y) dy

o ¢ o
+(1-0)- j]; [ j; Flao+aty)es (€ — W) [Z (k+ 1) fagratss (W= y)] dW] d2 (y)dy, (40)
el

wherea, d; (y), d2 (y) andds (y) are given from (25) and (26).

4.1.6. Expected duration of the system unavailability dkerfirst Markov renewal cycle
Appendix F shows the expected vaIueLb([O*, EI]) with respect to the stationary lawas

1. when? < n,

0 _ { ©
E-|U(Jo". Ef])| = fo {a- [Faotﬁ(L) + fo Foots (L —w); () dw}
of ¢ _ ©
+(1-2a)- fo Faoramts (L =Y) + f Flagrats (L= W) D Fagratias (W= Y) dw| by () dy
y P

n _ L _
. L Frnnratms (L —y) b2 () dy + f Easans (L — ) bs (y)dy))dt, (41)
e n

wherea, b; (y), by (y) andbs (y) are given from (19) and (20);
2. whennp < ¢Z,

0 _ [ 0
E.|u([0". Ef])| = fo {c : {F%tﬁ (L) + fo Faots (L= W) > fagkss (W) dw]
P
n( _ { >
+(1-0)- j(; Flaoramrs (L —Y) + f Flagratts (L= W) D Fagratas (W= y) dw| di () dy
y P
. ¢ -
+ f Faoratts (L —Y) + f Fao+aty)s (L — W) Z flaoratykss (W —y) dw|da (y) dy
n y P

L J—
+ f( Flaoret)ts (L —Y) d3(y) dy))dt, (42)

wherea, d; (y), d2 (y) andds (y) are given from (25) and (26).
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4.1.7. Expected duration of the system inactivity over theMarkov renewal cycle
As proved in Appendix G, the expected duration of the systeamtivity E, [I ([0*, EI])] can be computed by

e [1 (o 2] = 1o+ s (o7 2| @

in which
1. when/ < n,

(o)

L Y L
Ex [12([0". Ef])] :a-[ f( A(0,W) fuo5,5 (W) dw + fo ( f( A(0,V) fagsp (V— W) dv)Z faoks, (W) dw}+(l—a)

k=1

(oL ' o
‘ y WA k=1
7 L
<D0 dy+ (1-a)- | ( [ 240 Tapeaiin (- dw) b (y) dy. ~ (44)
4 y

wherea, by (y) andb, (y) are given from (19) and (20);
2. whennp < ¢Z,

L Y4 L )
Ex [12 ([0, Ef|)] :c-[ f( A(0,W) fopss (W) dw+ fo ( f( A(0,V) fapsp (V—W) dv)kz_; () dw}+(1—c)

7 L 4 L 0o
< [ [ 269 fgsagpan - yycw+ [ ( f( 1Y) Fagratns (V- W) dv)Z frrosatos W—Y) dw]
¢ y 4 k=1
x dy (y)dy, (45)

wherec andd; (y) are given from (25) and (26).

4.1.8. Maintenance cost model validation

To validate the above mathematical formulation, We&uate numerical comparisons between the results given by
the numerical computation and the Monte Carlo simulatiolii.({ﬂ\lr ([0*, EI])] E, [Np([0+, Eﬂ)] E, [NC ([0*, Eﬂ)]
E, [Nm (O+, EI)], E, [U (o, EI)], E. [I (0*, EI)], as well as ofC« (6, £, 17). For the numerical computation, we use the
well-known trapezoidal rule to approximate integrals ia ttonsidered expectations. We also propose a simple way to
derive the simulated results by Monte Carlo approach in Adpe H. In the following, an illustration is given on the
basis of the maintained system defined by the set of parasreterl5, ¢q = 1, “(XET) =01- XEJ,+, B =112 =1,
ﬂ(XE;, ng) =0.1- XEJ,+ +0.2- Xs;, and a continuous uniform pdf fg(y | x,r), under two configurations of tHe, £, )
policy

e configuration (¢ <n): 6 =4, =7,n =11,

e configuration An <¢): 6 =4,n=7,{ =11.

The set of maintenance costs is chose@as- 5,C, = 10,C, = 100,C; = 150,C; = 5 andC, = 25. The duratiorT for
Monte Carlo simulation (see Appendix H) is®1ime units. The results are shown as in Table 1. The almostiwe
results given by both the approaches justify the correstnéthe developed mathematical cost model.

4.2. Optimum existence and searching

Optimizing the(s, £, n) policy is to seek the triplet of decision paramet@i‘oﬁ)t, Lopts nopt) that minimizesC., (6, £, n)
Coo (5Opt, {Opta Uopt) = (g}lg) {COO (6’ év’ 77) > 0> O, 0 < év < La 0 < n < L} . (46)
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Config. | Approach | E,[N] E,,[Np] Ex[Ne] | Ex[Nml | Ex[U] | Ex[I] | Cw (5. 2.7)
. Num. Comp.| 0.7170 | 6.7549- 104 | 0.2823 | 1.4897 | 04504 | 2.7185 | 9.2502
M.C.Sim. | 0.7175 | 6.6489-10* | 0.2819 | 1.4898 | 0.4486 | 2.7199 | 9.2312

X Num. Comp.| 0.5451 0.0635 0.3914 | 2.3377 | 05876 | 24599 | 9.4366
M.C. Sim. | 0.5458 0.0635 0.3907 | 2.3357 | 05851 | 24617 | 9.4227

Table 1: Results for validation the maintenance cost model

Analytical proof of optimum existence for tHié, 7, ny) policy is unfeasible due to the complexity of the mathenadiix-
pression ofC,, (6, £, n). To remedy this obstacle, we propose observing the shapes @& ¢, ) wheng, £ andn vary in
a wide rank. Repeating observations for various configomatdf system characteristics (i.e., foftdientag, Q(XET)’ B,

L, ngT, Ag anda (XET’ Sj)) and maintenance costs (i.€y,, C;, Cp, Cc, C; andC,) allows us to confirm the existence of

(6opt, Lopts nopt). Even if this approach cannot cover all possible configaraii it is still an acceptable solution when an-
alytical approach is impossible. A general conclusion drénm these observations is that each of decision parasmeter
6, £ andn has its own &ect on the maintenance cost rate, and they have to be joiptimnized to achieve the best per-
formance for thes, 7, ) policy. As an illustration, we sketch in Figure (3) the stapéC., (6, £, ) for the same system
considered in the example of Subsection 4.1. The convexs@f®., (5, £, n) affirm the existence ((féopt, Lopts nopt).
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Figure 4: Optimization with Matlab’s patternsearch solver

The triplet(éopt, Lopts nopt) and the associated cost r&te (6opt, Lopts nopt) can be found by the generalized pattern search
algorithm (Audet and Hare, 2017). Indeed, continue withetheve example, we obtadi: = 2.75, {opt = 8.75,10pt = 6
andC,, (5opt, Lopts nopt) = 8.2955 when applying thpatternsearctsolver of Matlab’s Global Optimization Toolbox to
(32) (see Figure (4)). The generalized pattern searchidigoallows to find quickly the optimal configuration of the

(6, ¢, n) policy.

5. Numerical assessment of the condition-based maintained system

This section aims at using numerical experiments to confireneffectiveness of the proposed CBMS, and to un-
derstand more deeply the impacts of the past-dependent RB @conomic performance of the maintained system.
To this end, we perform comparative studies of optimal lamy-cost rate between the considered systé&m ) and
its two extreme cases (i.e., system with pure(®BR,n = 0) (see e.g., (Huynh et al., 2011)), and system with pure PPR
(6,Z,m =1L) (see e.g., (Meier-Hirmer et al., 2009))). Numerous expenit® have been done for divers configurations
of system characteristics and maintenance costs. Howillustrations shown in this section are just given from the
maintained system characterized by

e a Gamma deterioration process with linear shape param@éﬁ(dzb +a (XET) ,[3) = HGP(aO +a1- XE;,ﬂ),

e alinear duration for PPRg + ﬂ(XE;, XSJ.) =Ag+ A1 - XEJ_+ + A2 Xs;,
e a continuous uniform pdf fog(y | x,r),

whereag = 1,8 =1, = 1, 1o = 0.25, andL = 15. The applied maintenance costs @ = 5, C; = 10,C. = 150,
Ci = 10 andC, = 25. The choice of these values are completely arbitrary. vehees of other parameters (i.es, A1)
and maintenance cost (i.€p) will be stated latter depending on specific sensitivitydsts.

5.1. Economic performance of the condition-based maiathsystem

The distinction in economic performance of the three carsid maintained systems comes from th&edénce
between the PR co€l, and the PPR cosE;. Therefore, to see how good the systein’, ;) is, we vary the cost ratio
g—f in a wide range @, has been already fixed), and compare its optimal long-rutrates with the other systems. The
result shown in Figure 5 is obtained when fiximag= 0.1, 1; = 0.25 and varyingg—f from 3 to 15 with step ®.

The figure shows clearly that the systéfyv, ) always saves more maintenance cost and returns to eithgygteam
(6,¢,m = 0) or the systen{s, {,n = L) in worse cases. Indeed, it is equivalent to the former wheis relatively small,
and to the latter whe@,, is very high. The syster, £, 77) reaches its best profit at a medium value of the r%?ioFrom
the economic aspect, this result confirms that there is kanisising the proposed CBMS compared to more classical
ones.
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5.2. Impacts of the past-dependent preventive partialirepa

To better understand the impacts of past-dependent PPRe@ttimomic performance of the three maintained sys-
tems, we study separately haw and; affect the evolution their optimal long-run maintenance cat#.rConsequently,
two following configurations have been considered

1. a; is varied from 0 to @ with step 0025, andi; is fixed at O,
2. ayis fixed at 0, andl; is varied from 0 to ® with step O1.

We note that only one impact of the past-dependent PPR (eithéhe system deterioration dynamics wiaor on the
repair duration vial;) is taken into account in each above configuration. The asinga; and1; imply the more and
more important impacts of the past-dependent PPR. The RRscassumed fixed &, = 100. The results for the two
above configurations are reported in Figures 6a and 6b.

10.5¢

(@]
9.5;
9 .
8.5 W
8 L L L J 8 L L L J
0 0.05 0.1 0.15 0.2 0 0.25 0.5 0.75 1
a, A,
(a) Sensitivity tow; (b) Sensitivity tod;

Figure 6: Impacts of the past-dependent preventive paepairs

Obviously, the optimal long-run cost rate of the sys{@énd, n = 0) is constant for both the considered configurations,
because its maintenance decision structure is indepenfi®RR. Whereas, using the past-dependent partial repirs a
a preventive action, the systei# 7, 7) and the systeny, £, = L) incur higher maintenance cost due to the increasing
of a1 and ;. However, looking at the growth of their optimal long-runstoate, the former resists the negatifieets
of the PPR much better than the latter. In other words, thegative &ects can be significantly reduced if we combine
properly the PPR and the PR into a CBM decision rule.
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6. Conclusionsand perspectives

The main focus of this paper is to model and evaluate the itagdi¢che past-dependent PPR on the economic perfor-
mance of a condition-based maintained deteriorating systecomplete procedure, including the system deterianatio
modeling, the maintenancédfects modeling, the elaboration of CBM decision rule, thenfglation and optimization
of mathematical cost model, and the maintenance modelsamsas has been performed. Numerous numerical experi-
ments confirm that the negativifects of the past-dependent PPR on the economic performétieeraintained system
are unavoidable, but can be significantly reduced by coatitig the PPR and the PR into a CBM decision rule. The
deterioration-based maintenance policy developed inpdyier could be a good candidate. In fact, there is no risk when
using the proposed CBMS, because it achieves at least tree@astisavings as the systems with pure PPR or with pure
PR.

Given encouraging theoretical results, our next work is dbidvthe proposed CBM model with real-world data.
A phase of data analysis, parameters estimation, and of Imngd&ection for system deterioration process and past-
dependent repairs will be implemented before going furthigh the CBM decision rule. Currently, only the actual
system deterioration state is used to make a maintenancatedvieanwhile, the growing development of prognostics
and health management techniques allows us to furtheratitoeinformation about the future system deterioratiotesta
(Lee et al., 2014). So, one of our perspectives is to study thiswkind of information can be integrated in the CBM
model to enable maintenance cost reduction. Using a prtigimssed inspection scheme instead of a periodic one could
be an improved idea for the considered CBMS. Another petiseis to develop joint models of CBM and spare parts
ordering for the considered system. This will remedy a gfrassumption in the present CBMS that spare parts are
always available for replacement actions.
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